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ABSTRACT
We deal with the computation of the characteristic polyno-
mial of dense matrices over word size finite fields and over
the integers. We first present two algorithms for finite fields:
one is based on Krylov iterates and Gaussian elimination.
We compare it to an improvement of the second algorithm of
Keller-Gehrig. Then we show that a generalization of Keller-
Gehrig’s third algorithm could improve both complexity and
computational time. We use these results as a basis for the
computation of the characteristic polynomial of integer ma-
trices. We first use early termination and Chinese remain-
dering for dense matrices. Then a probabilistic approach,
based on integer minimal polynomial and Hensel factoriza-
tion, is particularly well suited to sparse and/or structured
matrices.

Categories and Subject Descriptors
G.4 [Mathematics and Computing]: Mathematical Soft-
ware—Algorithm Design and Analysis; I.1.2 [Computing
Methodologies]: Symbolic and Algebraic Manipulation

General Terms
Algorithms, Experimentation

Keywords
Characteristic polynomial, minimal polynomial, Keller-Geh-
rig, probabilistic algorithm, finite field, integer, Magma

1. INTRODUCTION
Computing the characteristic polynomial of an integer

matrix is a classical mathematical problem. It is closely
related to the computation of the Frobenius normal form
which can be used to test two matrices for similarity. Al-
though the Frobenius normal form contains more informa-
tion on the matrix than the characteristic polynomial, most
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algorithms to compute it are based on computations of char-
acteristic polynomial (see for example [21, §9.7]). Using clas-
sical matrix multiplication, the algebraic time complexity for
the computation of the characteristic polynomial is optimal :
several algorithms require only O(n3) algebraic operations
(to our knowledge the oldest one is due to Danilevski [11,
§24]). Now considering that the determinant can be deduced
from the characteristic polynomial, and that its computation
is proven to be as hard as matrix multiplication [2] the opti-
mality is then straightforward. But with fast matrix arith-
metic (O(nω) with 2 ≤ ω < 3), the best asymptotic time
complexity is O(nωlogn), given by Keller-Gehrig’s branch-
ing algorithm [15]. Now the third algorithm of Keller-Gehrig
has a O(nω) algebraic time complexity but only works for
generic matrices. In this paper we focus on the practica-
bility of such algorithms applied on matrices over a finite
field. Therefore we used the techniques developped in [4,
5], for efficient basic linear algebra operations over a fi-
nite field. We propose a new O(n3) algorithm designed to
take benefit of the block matrix operations; improve Keller-
Gehrig’s branching algorithm and compare these two algo-
rithms. Then we focus on Keller-Gehrig’s third algorithm
and prove that its generalization is not only of theoretical
interest but is also promising in practice.

As an application, we show that these results directly lead
to an efficient computation of the characteristic polynomial
of integer matrices using chinese remaindering and an early
termination criterion adapted from [6]. This basic applica-
tion outperforms the best existing softwares on many cases.
Now better algorithms exist for the integer case, and can be
more efficients with sparse or structured matrices. There-
fore, we also propose a probabilistic algorithm using a black-
box computation of the minimal polynomial and our finite
field algorithm. This can be viewed as a simplified version of
the algorithm described in [22] and [14, §7.2]. Its efficiency
in practice is also very promising.

In the following we will denote by Ai1...i2,j1...j2 the sub-
matrix of A located between rows i1 and i2 and columns j1
and j2 and by Ak,1...n the kth row vector of A.

2. KRYLOV’S APPROACH
Among the different techniques to compute the charac-

teristic polynomial over a field, many of them rely on the
Krylov approach. A description of them can be found in [11].
They are based on the following fact: the minimal linear de-
pendance relation between the Krylov iterates of a vector
v (i.e. the sequence (Aiv)i) gives the minimal polynomial
P min

A,v of this sequence, and a divisor of the minimal polyno-



mial of A. Moreover, if X is formed by the the first indepen-
dent column vectors of this sequence and CP min

A,v
is the com-

panion matrix associated to P min
A,v , we have AX = XCP min

A,v
.

2.1 Minimal polynomial
We show here an algorithm to compute the minimal poly-

nomial of the sequence of the Krylov iterates of a vector
v and a matrix A. This is the monic polynomial P min

A,v of
least degree such that P (A).v = 0. We firstly presented it in
[19, 18], however, we recall it here for clarity and accessibil-
ity purposes. A similar algorithm was also simultaneously
published in [16, Algorithm 2.14], but it does not take ad-
vantage of fast matrix multiplication as we do here. The
idea is to compute the n×n matrix KA,v (called the Krylov
matrix), whose ith column is the vector Aiu, and to perform
an elimination on it. More precisely, one computes the LSP
[12] factorization of Kt

A,v . Let k be the degree of P min
A,v . So

the first k columns of KA,v are linearly independent, and
the n− k following ones are a linear combination of the first
k ones. Therefore S is triangular with its last n − k rows
equals to 0. Thus, the LSP factorization of Kt

A,v can be
viewed as in figure 1.
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Figure 1: LSP factorization of the Krylov matrix

Now the trick is to notice that the vector m = Lk+1L
−1
1...k

contains the opposites of the coefficients of P min
A,v . Indeed,

let us define X = KT
A,v therefore Xk+1,1...n = (Akv)T =

Pk−1
i=0 mi(A

iv)T = m · X1...k,1...n where P min
A,v (X) = Xk −

mkXk−1 − · · · − m1X − m0. Thus Lk+1SP = m · L1...kSP
and finally m = Lk+1.L

−1
1...k. Algorithm 2.1 is then straight-

forward. The dominant operation in this algorithm is the

Algorithm 2.1 MinPoly : Minimal Polynomial of A and v

Require: A a n × n matrix and v a vector over a field
Ensure: P A,v

min (X) minimal polynomial of (Aiv)i

1: K1...n,1 = v
2: for i = 1 to log2(n) do

3: K1...n,2i...2i+1−1 = A2i−1

K1...n,1...2i−1

4: end for
5: (L, S, P ) = LSP(KT ), k = rank(K)
6: m = Lk+1.L

−1
1...k

7: return P A,v
min (X) = Xk −

Pk−1
i=0 miX

i

computation of K, in log2n matrix multiplications, i.e. in
O(nωlogn) algebraic operations. The LSP factorization re-
quires O(nω) operations and the triangular system resolu-
tion, O(n2). So the algebraic time complexity of this al-
gorithm is O(nωlogn). Now with classical matrix multipli-
cations (ω = 3), one should prefer to compute the Krylov
matrix K by k successive matrix vector products. The com-
plexity is then O(n3). One can also merge the construc-
tion of the Krylov matrix and its LSP factorization so as

to avoid the computation of the last n − k Krylov iterates
with an early termination. This reduces the time complex-
ity to O(nωlogk) for fast matrix arithmetic, and O(n2k) for
classical matrix arithmetic. Note that if the finite field is
reasonably large, then choosing v randomly makes the al-
gorithm Monte-Carlo for the computation of the minimal
polynomial of A.

2.2 LU-Krylov algorithm
From algorithm 2.1, we then derive the computation of

the characteristic polynomial since it produces the k first
independent Krylov iterates of v. They form a basis of an
invariant subspace under the action of A (the first invariant
subspace of A if P min

A,v = P min
A ). The idea is to use the

elimination performed on this basis to compute a basis of its
supplementary subspace. Then a recursive call on a n− k ×
n− k matrix provides the remaining factors. The algorithm
follows, where k, P , and S are as in algorithm 2.1.

Algorithm 2.2 LUK : LU-Krylov algorithm

Require: A a n × n matrix over a field
Ensure: P A

char the characteristic polynomial of A
1: Pick a random vector v
2: P A,v

min = MinPoly(A, v) of degree k

{X =

»
L1

L2

–

[S1|S2]P is computed}
3: if (k = n) then

4: return P A
char = P A,v

min

5: else

6: A′ = PAT P T =

»
A′

11 A′
12

A′
21 A′

22

–

where A′
11 is k × k.

7: P
A′

22−A′
21S

−1

1
S2

char (X) = LUK(A′
22 − A′

21S
−1
1 S2)

8: return P A
char = P A,v

min × P
A′

22−A′
21S−1

1
S2

char

9: end if

Theorem 2.1. Algorithm LU-Krylov computes the char-
acteristic polynomial of a n × n matrix A in O(n3) field
operations.

Proof. The first k rows of X (X1...k,1...n) form a ba-
sis of the invariant subspace generated by v. Moreover
we have X1..kAT = CT

P
A,v
min

X1..k Indeed ∀i < k we have

XiA
T =

`
Ai−1v

´T
AT =

`
Aiv

´T
= Xi+1 and XkAT =

`
Ak−1v

´T
AT =

`
Akv

´T
=

Pk−1
i=0 mi

`
Aiv

´T
The idea is

now to complete this basis into a basis of the whole space.
Viewed as a matrix, this basis form the n × n invertible
matrix X:

X =

»
L1 0
0 In−k

–

| {z }

L

»
S1 S2

0 In−k

–

| {z }

S

P =

»
X1...k,1...nˆ
0 In−k

˜
P

–

Let us compute

XAT X
−1

=

"

CT 0
ˆ

0 In−k

˜
PAT P T S

−1
L

−1

#

=

"

CT 0
ˆ

A′
21 A′

22

˜
S

−1
L

−1

#

=

»
CT 0
Y X2

–

with X2 = A′
22 − A′

21S
−1
1 S2. By a similarity transforma-

tion, we thus have reduced A to a block triangular matrix.



Then the characteristic polynomial of A is the product of
the characteristic polynomial of these two diagonal blocks:

P A
char = P A,v

min × P
A′

22−A′
21S−1

1
S2

char . Now for the time complex-
ity, we will denote by TLUK(n) the number of field operations
for this algorithm applied on a n×n matrix, by Tminpoly(n, k)
the cost of the algorithm 2.1 applied on a n×n matrix hav-
ing a degree k minimal polynomial, by TLSP(m, n) the cost
of the LSP factorization of a m × n matrix, by Ttrsm(m, n)
the cost of the simultaneous resolution of m triangular sys-
tems of dimension n, and by TMM(m, k, n) the cost of the
multiplication of a m × k matrix by a k × n matrix. The
values of TLSP and Ttrsm can be found in [5]. Then, using clas-
sical matrix arithmetic, we have: TLUK(n) = Tminpoly(n, k) +
TLSP(k, n)+Ttrsm(n−k, k)+Tmm(n−k, k, n−k)+TLUK(n− l) =
O(n2k + k2n + k2(n − k) + k(n − k)2) + TLUK(n − k) =
O(

P

i n2ki + k2
i n) = O(n3), The latter being true since

P

i ki = n and
P

i k2
i ≤ n2.

We have thus derived a deterministic algorithm from a prob-
abilistic one. When algorithm 2.1 fails, it still returns a
factor of the true minimal polynomial and the next recur-
sive calls then compute the forgotten factors. Note also that
when using fast matrix arithmetic, it is no longer possible to
sum the log(ki) into log(n) nor the kω−2

i n2 into nω. There-
fore the best known algebraic time complexity, O(nωlogn),
can not be reached by such an algorithm. We thus focus on
the second algorithm of Keller-Gehrig achieving this best
known time complexity.

2.3 Improving Keller-Gehrig branching algo-
rithm

In [15], Keller-Gehrig presents a so called branching algo-
rithm, computing the characteristic polynomial of a n × n
matrix over a field K in the best known time complexity :
O(nωlogn) field operations. The idea is to compute the
Krylov iterates of a several vectors at the same time, so as
to replace several matrix vector products by a fast matrix
multiplication. More precisely, the algorithm computes a se-
quence of n×n matrices (Vi)i whose columns are the Krylov
iterates of vectors of the canonical basis. V0 is the identity
matrix (every vector of the canonical basis is present). At
the i-th iteration, the algorithm computes the next 2i Krylov
iterates of the remaining vectors. Then a Gaussian elim-
ination determines the linear dependencies between them
so as to form Vi+1 by picking the n linearly independent
vectors. The algorithm ends when no more iterate can be
added (Vi+1 = Vi). Then the matrix V −1

i AVi is block up-
per triangular with companion blocks on the diagonal. The
polynomials of these blocks are the minimal polynomials of
each of the sequence of Krylov iterates, and their product is
the characteristic polynomial of the input matrix. The re-
moval of the linear dependencies is performed by a step-form
elimination algorithm defined by Keller-Gehrig. Its formu-
lation is rather sophisticated, and we propose to replace it
by the column reduced form algorithm (algorithm 2.3) using
the more standard LQUP factorization [12]. More precisely,
the step form elimination of Keller-Gehrig, the LQUP fac-
torization of Ibarra & Al. and the echelon form elimination
(see e.g. [21]) are equivalent and can be used to determine
the linear dependencies in a set of vectors. Our second im-
provement is to apply the idea of algorithm 2.1 to com-
pute the polynomials associated to each companion block,
instead of computing V −1AV . The permutation Q of the

Algorithm 2.3 ColReducedForm

Require: A a m × n matrix of rank r
Ensure: r linearly independent columns of A
1: (L, Q, U, P, r) = LQUP(AT ) (r = rank(A))
2: return ([Ir0](Q

T AT ))T

LQUP factorization indicates the positions of the linearly in-
dependant blocks of iterates in W . To each of these blocks,
one can associate a block column in L. Now applying the
triangular system resolution of algorithm 2.1 to this block
column will compute the coefficients of the first linear de-
pendency between these iterates. Since the Krylov iterates
are already computed, and the last call to ColReducedForm

performed the elimination on them, there only remains to
solve triangular systems. We thus get the coefficients of each
polynomial, for a total cost of O(n2). Algorithm 2.4 shows

Algorithm 2.4 KGB: Keller-Gehrig Branching algorithm

Require: A a n × n matrix over a field
Ensure: P A

char(X) the characteristic polynomial of A
1: i = 0
2: V0 = In = (V0,1, V0,2, . . . , V0,n)
3: B = A
4: while (∃k, Vk has 2i columns) do
5: for all j do
6: if ( Vi,j has strictly less than 2i columns ) then
7: Wj = Vi,j

8: else
9: Wj = [Vi,j |BVi,j ]

10: end if
11: end for
12: W = (Wj)j

13: Vi+1 = ColReducedForm(W ) (remember L and Q
from LQUP)
{Vi+1,j are the remaining vectors of Wj in Vi+1}

14: B = B × B
15: i = i + 1
16: end while
17: for all j do
18: Let s, t be the indexes of the first and last column

of linearly independent iterates of the vector ej in W
(given by Q)

19: m = Lt+1,s...t.L
−1
s...t,s...t

20: Pj(X) = Xt−s − Pt−s−1
i=0 miX

i

21: end for
22: return ΠjPj

these modifications. The operations in the while loop have
a O(nω) algebraic time complexity. This loop is executed at
most logn times and the overall algebraic time complexity
is therefore O(nωlogn). More precisely it is O(nωlogkmax)
where kmax is the degree of the largest invariant factor.

2.4 Experimental comparisons
We implemented these two algorithms, using a finite field

representation on double size machine floating point num-
bers : modular<double> (see [5]), and the efficient routines
for finite field linear algebra FFLAS-FFPACK presented in [5,
4]. We also only considered classic matrix arithmetic. We
ran them on a series of matrices of order 300 whose Frobe-
nius normal forms had different number of diagonal com-



panion blocks. Figure 2 shows the computational time on
a Pentium IV 2.4Ghz with 512Mb of RAM. It appears that
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Figure 2: LU-Krylov vs. KGB

LUK is faster than KGB on every matrix. This is due to the
extra logn factor in the time complexity of the latter. One
can note that the computational time of KGB is decreasing
with the number of blocks. This is due to the fact that
the log(n) is in fact log(kmax where kmax is the size of the
largest block. This factor is decreasing when the number
of blocks increases. Conversely, LUK computational time is
almost constant. It slightly increases, due to the increasing
number of rectangular matrix operations: their computa-
tion are less efficient than square matrix operations, due to
BLAS optimizations of memory accesses.

3. TOWARD AN OPTIMAL ALGORITHM
As mentioned in the introduction, the best known alge-

braic time complexity for the computation of the charac-
teristic polynomial is not optimal in the sense that it is not
O(nω) but O(nωlogn). However, Keller-Gehrig gives a third
algorithm (let us name it KG3), having this time complex-
ity but only working on generic matrices. In the following,
we will use Keller-Gehrig’s definition of a generic matrix :
each of its coefficients can be considered as an independent
indeterminate.

To get rid of the extra log(n) factor, it is no longer based
on a Krylov approach. The algorithm is inspired by a O(n3)
algorithm by Danilevski (described in [11]), improved into
a block algorithm. The genericity assumption ensures the
existence of a series of similarity transformations changing
the input matrix into a companion matrix.

3.1 Comparing the constants
The optimal “big-O” complexity often hides a large con-

stant in the exact expression of the time complexity. This
makes these algorithms impracticable since the improvement
induced is only significant for huge matrices. However, we
show in the following lemma that the constant of KG3 is very
close to the one of LUK.

Lemma 3.1. The computation of the characteristic poly-
nomial of a n×n generic matrix using KG3 algorithm requires

Kωnω + o(nω) algebraic operations, where

Kω = Cω

»

− 2ω−2

2(2ω−2 − 1)(2ω−1 − 1)(2ω − 1)
− 1

2ω − 1

+
1

(2ω−2 − 1)(2ω−1 − 1)
− 3

2ω−1 − 1
+

2

2ω−2 − 1

+
1

(2ω−2 − 1)(2ω − 1)
+

2ω−2

2(2ω−2 − 1)(2ω−1 − 1)2

–

and Cω is the constant in the algebraic time complexity of
the matrix multiplication.

The proof and a description of the algorithm are given in
appendix A. In particular, with classical matrix arithmetic
(ω = 3, Cω = 2), we have on the one hand Kω = 176/63 ≈
2.794. On the other hand, the algorithm 2.2 called on a
generic matrix simply computes the n Krylov vectors Aiv
(2n3 operations), computes the LUP factorization of these
vectors (2/3n3 operations) and the coefficients of the poly-
nomial by the resolution of a triangular system (O(n2)).
Therefore, the constant for this algorithm is 2+2/3 ≈ 2.667.
These two algorithms have thus a similar algebraic com-
plexity, LU-Krylov being slightly faster than Keller-Gehrig’s
third algorithm. We now compare them in practice.

3.2 Experimental comparison
We claim that the study of precise algebraic time com-

plexity of these algorithms is worthwhile in practice. Indeed
these estimates directly correspond to the computational
time of these algorithms applied over finite fields. Therefore
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Figure 3: LUK vs. KG3: speed comparison

we ran these algorithms on a word size prime finite field
with modular arithmetic. Again we used modular<double>

and FFLAS-FFPACK. These routines can use fast matrix arith-
metic, we, however, only used classical matrix multiplication
so as to compare two O(n3) algorithms having similar con-
stants (2.67 for LUK and 2.794 for KG3). We used random
dense matrices over the finite field Z65521, as generic ma-
trices. We report the computational speed in Mfops (Mil-
lions of field operations per second) for the two algorithms
on figure 3. It appears that LU-Krylov is faster than KG3

for small matrices (better algebraic time complexity), but
for matrices of order larger than 1500, KG3 is faster. In-
deed, the O(n3) operations are differently performed: LU-
Krylov computes the Krylov basis by n matrix-vector prod-
ucts, whereas KG3 only uses matrix multiplications. Now,
as the order of the matrices increases, the BLAS routines



provide better efficiency for matrix multiplications than for
matrix vector products. Once again, algorithms exclusively
based on matrix multiplications are preferable: from the
complexity point of view, they make it possible to achieve
O(nω) time complexity. In practice, they promise the best
efficiency thanks to the BLAS better memory management.

4. OVER THE INTEGERS
There exist several algorithms to compute the charac-

teristic polynomial of an integer matrix. A first idea is
to perform the algebraic operations over the ring of inte-
gers, using exact divisions [1] or by avoiding divisions [3,
13, 14]. We focus here on field approaches. Concerning the
bit complexity of this computation, a first approach, using
Chinese remaindering gives O˜ (nω+1log‖A‖) bit operations
(O˜ is the “soft-O” notation, hiding logarithmic and poly-
logarithmic factors in n and ‖A‖). Baby-step Giant-step
techniques applied by Kaltofen [13] improves this complex-
ity to O˜ (n3.5log‖A‖) (using classical matrix arithmetic).
Lastly, the recent improvement of [14, §7.2], combining Cop-
persmith’s block-Wiedemann techniques set the best known
exponent for this computation to 2.697263 using fast matrix
arithmetic.

Our goal here is not to give an exhaustive comparison of
these methods, but to show that a straightforward applica-
tion of our finite field algorithm LU-Krylov is already very
efficient and can outperform the best existing softwares. A
first dense deterministic algorithm, using Chinese remain-
dering is given in section 4.1. Then we propose in section
4.2 a probabilistic algorithm that can be adapted for dense
or for sparse and structured matrices. It combines the early
termination technique of [6, §3.3], and a recent alternative
to chinese remaindering in [22], also developed in [14, §7.2].
Lastly we compare implementations of these algorithms in
practice.

4.1 Dense deterministic : Chinese remainder
The first naive way of computing the characteristic poly-

nomial is to use Hadamard’s bound [8, Theorem 16.6] to
show that any integer coefficient of the characteristic poly-
nomial has the order of n bits:

Lemma 4.1. Let A ∈ Z
n×n, with n > 4, whose coeffi-

cients are bounded in absolute value by B > 1. The coeffi-
cients of the characteristic polynomial of A are denoted by

cj . Then ∀j |cj | ≤ max
i=0..−1+

√
1+4en

2e

`
n
i

´p
(n − i)B2

(n−i)

and log2(|cj |) ≤ n
2

`
log2(n) + log2(B

2) + 0.21163175
´

Proof. ci, the i-th coefficient of the characteristic poly-
nomial, is an alternate sum of all the (n − i) × (n − i) di-
agonal minors of A. It is therefore bounded by H(n, i) =
`

n
i

´p
(n − i)B2

(n−i)
. First note, that from the symmetry of

the binomial coefficients we only need to explore the bn/2c
first ones, since

p
(n − i)B2

(n−i)
>

√
iB2

i
for i < bn/2c.

Now, the lemma claims that actually the maximal value
must occur within the O(

√
n) first ones. The lemma is true

for j = 0 by Hadamard’s bound. And for j = 1, we have
log2 (H(n, i)) < n

2
(log2(n)+ log2(B

2)+0.21163175) as soon
as n > 4, since the difference is decreasing in n. Then
from Stirling’s formula (n! = (1 + ε(n))

√
2πnnn

en ), we have

∀i ≥ 2
`

n
i

´
< 1+ε(n)√

2π

q
n

i(n−i)

`
n
i

´i
“

n
n−i

”n−i

. Now first

1
12n

< ε(n) < 1
12n+1

. Therefore for n > 4, log2

“
1+ε(n)√

2π

”

≤
−1.296. Then n

i(n−i)
is decreasing in i for i < bn/2c so that

its maximum is n
2(n−2)

.

Consider now K(n, i) =
`

n
i

´i
“

n
n−i

”n−i p
(n − i)B2

(n−i)
.

We have log2(K(n, i)) = n−i
2

log2(B
2)+ n

2
log2(n)+ n

2
T (n, i),

where T (n, i) = log2(
n

n−i
) + i

n
log2(

n−i
i2

). Well T (n, i) is

maximal for i = −1+
√

1+4en
2e

as announced in the lemma.

We end with the fact that T (n, i)− 2
n
1.296+ 1

n
log2(

n
2(n−2)

)

is maximal over Z for n = 15 where it is lower than 0.208935.
The latter is lower than 0.21163175.

Well,

" 1 1 1 1 1
1 1 −1 −1 −1
1 −1 1 −1 −1
1 −1 −1 1 −1
1 −1 −1 −1 1

#

has X5 − 5X4 +40X2 − 80X +48 for

characteristic polynomial and 80 =
`
5
1

´√
4
4

is greater than
Hadamard’s bound 55.9, and less than our bound 80.66661.

Note that the complexity of finding the maximal value is
only O(

√
n), since

`
n
i

´
=

`
n

i−1

´
n−i+1

i
. Note also that the nu-

merical bound improves the one used in [9, lemma 2.1] since
0.21163175 < 2 + log2(e) ≈ 3.4427. Now, using fast inte-
ger arithmetic and the fast Chinese remaindering algorithm
[8, Theorem 10.25], one gets the overall complexity for the
dense integer characteristic polynomial via Chinese remain-
dering of O(n4(log(n) + log(B))). In the following, we focus
on probabilistic methods that can improve drastically the
computation time for both dense and structured matrices.

4.2 Probabilistic improvements
The idea here, is to limit the chinese remaindering to the

computation of the minimal polynomial. It is then factored
by Hensel lifting algorithm. One modular characteristic
polynomial is then computed (resuming algorithm LUK from
one modular minimal polynomial). Lastly the multiplicities
of each factor are recovered from this last polynomial.

4.2.1 Early termination
To reduce the number of homomorphic computations of

the minimal polynomial, we use the early termination of [6,
§3.3], to stop the remaindering :

Lemma 4.2. [6] Let v ∈ Z be a coefficient of the charac-
teristic polynomial, and U be a given upper bound on |v|.
Let P be a set of primes and let {p1 . . . pk, p∗} be a random
subset of P . Let l be a lower bound such that p∗ > l and
let M =

Qk
i=1 pi. Let vk = v mod M , v∗ = v mod p∗ and

v∗
k = vk mod p∗ as above. Suppose now that v∗

k = v∗. Then

v = vk with probability at least 1 − logl(
U−vk

M
)

|P | .

The proof is that of [6, lemma 3.1]. The probabilistic al-
gorithm is then straightforward: after each modular com-
putation of a minimal polynomial, the algorithm stops if
every coefficient is unchanged. It is of the Monte-Carlo
type: always fast with a controlled probability of success.
This probability is bounded by the probability of lemma
4.2. In practice it is much higher, since the n coefficients
are checked. But since they are not independent, we are not
able to produce a tighter bound. Note that one could have
just applied this early termination to the remaindering of
the algorithm of section 4.1. But the improvement here, is
that the number of homomorphic computations is reduced
if the minimal polynomial has a small degree. The recovery
of the rest of the integer characteristic polynomial is then



cheap (an integer factorization and one modular computa-
tion of the whole characteristic polynomial as shown next).

4.2.2 Multiplicities search and sparse/structured
For dense matrices, the modular computation can be done

by algorithm 2.1. The integer coefficients are recovered by
chinese remaindering. The idea is to compute first the in-
teger minimal polynomial and to factor it. Then only the
multiplicities of the factors remain to be found. To recover
them, we perform a modular computation of the character-
istic polynomial and compute the multiplicities that match
with this modular polynomial. By structured or sparse ma-
trices we mean matrices for which the matrix-vector product
can be performed with less than n2 arithmetic operations.
In this case one can use the specialized methods of [6, §3]
(denoted by IMP). Note that one modular computation of the
characteristic polynomial will still be dense. Thus it is not
a pure sparse or structured algorithm (memory storage can
become the limiting factor), but since the dominant opera-
tion is usually the computation of the minimal polynomial,
this approach still make sense.

Algorithm 4.1 CIA : Characteristic polynomial over Inte-
gers Algorithm

Require: A ∈ Z
n×n, even as a blackbox, ε.

Ensure: The characteristic polynomial of A with a proba-
bility of 1 − ε.

1: η = 1 −
√

1 − ε
2: P A

min = IMP(A, η) via [6, §3] or CRA(MinPoly)(A, η)
3: Factor P A

min over the integers, e.g. by Hensel’s lifting.

4: B = 2
n
2 (log2(n)+log2(||A||2)+0.21163175)

5: Choose a random prime p in a set of
1
η
log2(

√
n + 1 2n+1B + 1) primes.

6: Compute Pp the characteristic polynomial of A mod p
via LUK.

7: for all fi irreducible factor of P A
min do

8: Compute f i ≡ fi mod p.
9: Find αi the multiplicity of f i within Pp.

10: if αi == 0 then Return “FAIL”. end if
11: end for
12: Compute P A

char =
Q

fαi
i = Xn − Pn−1

i=0 aiX
i.

13: if (
P

αidegree(fi) 6= n) or (Trace(A) 6= an−1 ) then
14: Return “FAIL”.
15: end if
16: Return P A

char.

Theorem 4.3. Algorithm 4.1 is correct. It is probabilistic
of the Monte-Carlo type.

Proof. Let Pmin be the integer minimal polynomial of
A and P̃min the result of the call to IMP. With a probability
of

√
1 − ε, Pmin = P̃min. Then the only problem that can

occur is that an irreducible factor of P min divides another
factor when taken modulo p, or equivalently, that p divides
the resultant of these polynomials. Now from [8, Algorithm
6.38] and lemma 4.1 an upper bound on the size of this resul-
tant is log2(

√
n + 1 2n+1B + 1). Therefore, the probability

of choosing a bad prime is less than η. Thus the result will
be correct with a probability greater than 1 − ε

This algorithm is also able to detect many erroneous results
and return “FAIL” instead. In that case, one could per-
form the computation again. However, since we don’t have

any certification of success, it can not be of the type “Las-
Vegas”. The first case is when P min = P̃min and a factor of
Pmin divides another factor modulo p. In such a case, the
exponent of this factor will appear twice in the reconstructed
characteristic polynomial. The overall degree being greater
than n, FAIL will be returned. Now, if P min 6= P̃min, the
tests αi > 0 will detect it unless P̃min is a divisor of P min,
say Pmin = P̃minQ. In that case, on the one hand, if Q does
not divide P̃min modulo p, the total degree will be lower
than n and FAIL will be returned. On the other hand, a
wrong characteristic polynomial will be reconstructed, but
the trace test will detect most cases. The overall complex-
ity is not better than e.g. [22, 14] but its practical timings
shown in section 4.3 prove its efficiency.

4.3 Experimental results
We now compare implementations of the previously de-

scribed algorithms. ILUK-det from section 4.1 is dense de-
terministic. We declined the probabilistic algorithm 4.1
into a dense version, CIA-dense, (using algorithm 2.1) and
a sparse version, CIA-prob, (using algorithm [6, §3]). We
used the same programming environment as in section 2.4.
The polynomial factorization is computed with NTL1 via
Hensel’s factorization. The choice of moduli is there linked
to the constraints of the matrix multiplication of FFLAS.
Indeed, the wrapping of numerical BLAS is only valid if
n(p − 1)2 < 253 (the result can be stored in the 53 bits
of the double mantissa). Therefore, we chose to sample the
primes between 2m and 2m+1 (where m = b25.5− 1

2
log2(n)c).

This set was always sufficient in practice. Even with 5000×
5000 matrices, m = 19 and there are 38658 primes between
219 and 220. Now if the coefficients of the matrix are be-
tween −1000 and 1000, the upper bound on the coefficients
of the minimal polynomial is log2m (U) ≈ 4267.3. There-
fore, the probability of finding a bad prime is lower than
4267.3/38658 ≈ 0.1104. Then performing a couple a addi-
tional modular computations to check the result will improve
this probability. In this example, only 18 more computa-
tions (compared to the 4268 required for the deterministic
computation) are enough to ensure a probability of error
lower than 2−55. At this rate, there is e.g. more chances
that cosmic radiations perturbed the output! 2 In the fol-
lowing, the probabibilistic algorithms will always ensure a
probability of failure less than 2−55. Table 1 focuses on
dense matrices with coefficients chosen uniformly between
0 and 10. Their minimal polynomial equals their charac-
teristic polynomial. ILUK-det and CIA-dense are compared
Maple-v9 and Magma-2.11. We ran these tests on an Athlon
2200 (1.8 Ghz) with 2Gb of RAM, running Linux-2.4.3 The
implementation of Berkowitz algorithm used by Maple has
prohibitive computational timings. Magma uses a p adic al-
gorithm that combines a probabilistic computation and a
proof of correctness to make it deterministic. For these ma-
trices, this proof is free, since the minimal polynomial equals
the characteristic polynomial [20]. Comparing deterministic
algorithms, ILUK-det is slightly faster than magma on most
cases. For matrices of order over 800, magma tries to allocate

1
www.shoup.net/ntl

2Indeed, cosmic rays only can be responsible for 105 software
errors in 109 chip-hours at sea level[17] . At 1GHz, this
makes 1 error every 255 computations.
3We are grateful to the Medicis computing center hosted by
the CNRS STIX lab : medicis.polytechnique.fr/medicis.



n Maple Magma ILUK-det CIA

100 163s 0.34s 0.23s 0.20s

200 3355s 4.45s 3.95s 3.25s

11.1Mb 3.5Mb 3.5Mb

400 74970s 69.8s 91.4s 71.74s

56Mb 10.1Mb 10.1Mb

800 1546s 1409s 1110s

403Mb 36.3Mb 36.3Mb

1200 8851s 7565s 5999s

1368Mb 81Mb 81Mb

1500 MT 21010s 16705s

136Mb 136Mb

3000 MT 349494s

521Mb

Table 1: Characteristic polynomial of dense integer
matrices (comp. time and mem. allocation)

more than 2Gb of RAM to store the corresponding integer
Krylov space, and the computation crashes (MT stands for
Memory Thrashing). The memory usage of our implemen-
tations is much smaller than that of magma, and makes it
possible to handle larger matrices. Concerning the prob-
abilistic algorithms, CIA improves the computational time
of the deterministic one of roughly 25% and is faster than
magma-prob. In table 2, we denote by d the degree of the
integer minimal polynomial and by ω the average number
of nonzero elements per row within the sparse matrix. We

Matrix A U
−1

AU A
T

A B U
−1

BU B
T

B

n 300 300 300 600 600 600

d 75 75 21 424 424 8

ω 1.9 300 2.95 4 600 13

Magma-prob 1.14 7.11 0.23 6.4 184.7 6.04

Magma-det 1.31 10.55 0.24 6.4 185 6.07

ILUK-det 1.1 93.3 64.87 68.4 2305 155.3

CIA-sparse 0.32 4.32 0.81 4.4 352.6 2.15

CIA-dense 1.22 1.3 0.87 38.9 42.6 2.57

IMP-sparse 0.03 4.03 0.02 1.62 349 0.08

IMP-dense 0.93 1.0 0.08 36.2 39.9 0.5

Fact 0.04 0.04 0.01 0.6 0.58 0.01

Mul 0.25 0.25 0.78 2.17 2.08 2.06

Table 2: CIA on sparse or structured matrices

show the computational times of algorithm 4.1 (CIA), de-
composed into the time for the integer minimal polynomial
computation (IMP-sparse for [6, §3] and IMP-dense for 2.1
and chinese remaindering), the factorization of this polyno-
mial (Fact) and the computation of the multiplicities (Mul).
They are compared to the timings of the algorithm of section
4.1 and that of magma with and without the proof of correct-
ness. We used two sparse matrices A and B of order 300 and
600, having a minimal polynomial of degree respectively 75
and 424. A is the almost empty matrix Frob08blocks and is
in Frobenius normal form with 8 companion blocks and B is
the matrix ch5-5.b3.600x600.sms presented in [6]. Again
ILUK-det is faster than magma but still expensive. On the
two matrices A and B, CIA-sparse is the fastest thanks
to its usage of sparsity. Then, we made these matrices
dense with an integral similarity transformation. The lack
of sparsity slows down both magma and CIA-sparse, whereas
CIA-prob maintains similar timings and outperforms every
other algorithms. Lastly, we used symmetric matrices with
small minimal polynomial (AT A and BT B). CIA-sparse

is still rather efficient ( the best on BT B ), but magma ap-
pears to be extremely fast on AT A. We report in table 3 on

Matrix n ω magma-sparse CIA-sparse CIA-dense

TF12 552 7.6 10.12s 6.8s 61.77s

Tref500 500 16.9 112s 65.14s 372.6s

mk9b3 1260 3 48.4s 31.25s 433s

Table 3: CIA on other sparse matrices

some comparisons using other sparse matrices available at
www-lmc.imag.fr/lmc-mosaic/Jean-Guillaume.Dumas. There,
ILUK-det is rather expensive, although it is slightly faster
than magma. The probabilistic approach of algorithm CIA

specialized for dense or sparse matrices appears to reach the
best computation times in almost every cases.

5. CONCLUSION
We presented a new algorithm for the computation of the

characteristic polynomial over a finite field, and proved its
efficiency in practice. We also considered Keller-Gehrig’s
third algorithm and showed that its generalization would be
not only interesting in theory but produce a practicable algo-
rithm. There, improvements of the dense computation over
a finite field could be achieved and, at least, some heuris-
tics could be built when a row-reduced form elimination can
ensure generic rank profile.

We applied our algorithm for the computation of the in-
teger characteristic polynomial in two ways: a simple de-
terministic use of Chinese remaindering for dense matrix
computations, and a probabilistic one, using integer mini-
mal polynomial computation. The latter can be specialized
for dense or sparse and structured matrices. This last algo-
rithm outperforms existing softwares for this task. Moreover
we showed that the recent improvements of [22, 14] should
be highly practicable since the successful CIA algorithm is
inspired by their ideas. It remains to show how much they
improve the simple approach of CIA.

Lastly, concerning the sparse computations, the search
for multiplicities could be done by a pure blackbox algo-
rithm, and would make it possible to handle problems of
much higher size. These techniques have to be studied
and compared to the blackbox algorithms of [23] and of
[7], where preconditionners are introduced which use can
be prohibitive in practice.
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APPENDIX

A. ON KELLER-GEHRIG’S THIRD ALGO-
RITHM

A.1 Principle of the algorithm
We first recall the principle of this algorithm, so as to de-

termine the exact constant in its algebraic time complexity.
This advocates for its practicability. First, let us define a m-

Frobenius form as a n×n matrix of the shape:
h

0 M1

Idn−m M2

i

.

Note that a 1-Frobenius form is a companion matrix, whose
characteristic polynomial is given by the opposites of the
coefficients of its last column. The aim of the algorithm is

to compute the 1-Frobenius form A0 of A by computing the
sequence of matrices Ar = A, . . . , A0, where Ai has the 2i-
Frobenius form and r = dlog ne. The idea is to compute Ai

from Ai+1 by slicing the block M of Ai+1 into two n × 2i

columns blocks B and C. Then, similarity transformations

with the matrix U =
h

0 C1

Id
n−2i C2

i

will “shift” the block B to

the left and generate an identity block of size 2i between B
and C. More precisely, one computes the sequence of matri-
ces Ai,0 = Ai+1, Ai,1, . . . , Ai,si

= Ai, where si =
˚
n/2i

ˇ
−1,

by the relation Ai,j+1 = U−1
i,j Ai,jUi,j , with the following

notations :

i,j

2 i 2 i

2Ci,j

Id

0
Id

0

0

j2i

B

1
i,jC

i,j
A  =

i,j+1

2 i 2 i

0
Id

0

0

Id
C

i,j+1

2

(j+1)2 i

A  =

C
i,j+1

1

B
i,j+1

As long as C1 is invertible, the process will carry on, and
make at last the block B disappear from the matrix. This
last condition is restricting. This is why this algorithm is
only valid for generic matrices.

A.2 Proof of lemma 3.1
We will denote by Xa...b the submatrix composed by the

rows from a to b of the block X. For a given i, KG3 performs
n/2i similarity transformations. Each one of them can be
described by the following operations:

1: B′
n−2i+1...n = C−1

1...2iB1...2i

2: B′
1...n−2i = −C2i+1...nB′

n−2i+1...n + B2i+1...n

3: C′ = B′Cλ+1...λ+2i

4: C′
2i+1...2i+λ+ = C1...λ

5: C′
2i+λ+1...n+ = C2i+λ+1...n

The first operation is a system resolution, and consists in
a LUP factorization and two triangular system solve with
matrix right hand side. The two following ones are matrix
multiplications, and we do not consider the two last ones,
since their cost is dominated by the previous ones. The cost
of a similarity transformation is then: Ti,j = TLUP(2i, 2i) +
2TTRSM(2i, 2i) + TMM(n − 2i, 2i, 2i) + TMM(n, 2i, 2i). Thus,

we have TLUP(m, n) = Cω

2ω−1−2
mω−1

“

n − m 2ω−2−1
2ω−1−1

”

(from

[5, Lemma 4.1] and [18]) and TTRSM(2i, 2i) = Cωmnω−1

2(2ω−1−1)
.

Therefore Ti,j = Cω2ω−2

2(2ω−2−1)(2ω−1−1)
(2i)ω + Cω

(2ω−2−1)
(2i)ω +

Cω(n − 2i)(2i)ω−1 + Cωn(2i)ω−1. Rewrite this as Ti,j =

Cω(2i)ω

„
2ω−3 + 2ω−1 − 1

(2ω−2 − 1) (2ω−1 − 1)
− 1

«

| {z }

Dω

+2nCω(2i)ω−1 and,

as the total cost is T =
Plog(n/2)

i=1

Pn/2i−1
j=1 Ti,j , it becomes

T =
Plog(n/2)

i=1

`
n
2i − 1

´
CωDω(2i)ω + 2nCω(2i)ω−1. Sim-

plifying, we obtain T = Cω

Plog(n/2)
i=1 (Dω − 3)n(2i)ω−1 +

2n2(2i)ω−2 − Dω(2i)ω and since
Plog(n/2)

i=1 (2i)x = nx−1
2x−1

=
nx

2x−1
+ o(nx) this ends the proof.


