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The algebraic lambda calculugA,g) [14] and thelinear algebraic lambda calculuéhiy) [4] are
two extensions of the classical lambda calculus with liranbinations of terms. They arise inde-
pendently in distinct contexts: the former is a fragmentef differential lambda calculus, the latter
is a candidate lambda calculus for quantum computationy difeer in the handling of application
arguments and algebraic rules. The two languages can semeda&h other |5] using an algebraic
extension of the well-known call-by-value and call-by-re@PS translations. These simulations
are sound, in that they preserve reductions. In this papeprave that the simulations are actually
complete, strengthening the connection between the twyukges.

1 Introduction

Algebraic lambda calculi Thealgebraic lambda calculu§ag) [14] and thelinear algebraic lambda
calculus(Ajin) [4] are two languages that extend the classical lambdaukcasavith linear combinations
of terms such as.M + 3.N. They have been introduced independently in two differemtexts. The
former is a fragment of the differential lambda calculug] bas been introduced in the context of linear
logic with the purpose of quantifying nondeterminism: eséatfm of a linear combination represents a
possible evolution in a non determinisitic setting. Theelahas been introduced as a candidate for a
language of quantum computation, where a linear combinatiderms corresponds to a superposition
of states such as.|0) + 3.|1).

The two languages differ in their operational semanticse fitst follows acall-by-namestrategy
while the second follows the equivalent otall-by-valuestrategy. For examplé\s4 reduces the term
(Ax.fxx)(a.y+ B.z) as follows.

Ax.fxx)(a.y+B.20 — f(a.y+B.2(a.y+pB.2)

However, this does not agree with the nature of quantum cangpuit leads to the cloning of the state
a.y+ .z, which contradicts theo-cloningtheorem [[15]. Only copying of base terms suchyas
allowed. Therefore)in reduces the term as follows.

Ax.fxx)(a.y+B.2 — (Axfxx)(a.y)+ (Ax.fxx)(B.2)
—  0.(AXFXX)Yy+ B.(Ax. fxx)z
— a.fyy+p.fzz

Despite these differences, the work lin [5] showed that thee lamguages can simulate each other.
This was accomplished by defining a translation from oneuagg to the other. Given a tefvh of Ajiy,
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2 Completeness of algebraic CPS simulations

we can encode it into a terM of Ayg such that reductions &l in Aji, correspond to reductions dfin
Aalg- The translation is an algebraic extension of the classwatinuation-passing styl&€PS) encoding
used for simulating call-by-name and call-by-valug [9,[1T),.

Contribution The CPS transformations introduced|in [5] have been provdretsoundi.e. if a term

M reduces to a valu¢ in the source language, then the translatioMafeduces to the translation of

in the target language. In this paper we prove that they dtalye completej.e. that the converse is
also true: if the translation d#l reduces to the translation gfin the target language, thé reduces to

V in the source language. We do so by adapting techniques yssdlvy and Wadler in [11] to define
an inverse translation and showing that it also presernasgctmns. The completeness of these CPS
transformations strengthens the connection between vemrks in linear logicl[6, 17,18, 13] and works
on quantum computationl[1} [2,3,112].

Plan of the paper The rest of the paper is structured as follows. In sedtiorh@,syntax and the
reduction rules of both algebraic languages are preseBesttior B is dedicated to the simulation\gf

by Aaig, and sectiof}4 to the opposite simulation. In each of the @ges, the translation introduced in
[5] is presented, the grammar of the encoded terms in thettengguage is given, the inverse translation
is defined, and finally the completeness of the CPS translaiproven.

2 The algebraic lambda calculi

The languaged in andAag share the same syntax, defined by the following grammar, exdneéanges
over a defined ring, theng of scalars

M,N,L == V|MN|a.M|M+N (terms)
uVvw == B|0|aV|V+W (values)
B = Xx|AxM (basis terms)

The rules of the two languages are presented in Figure 1cé&lbbwA,g substitutes the argument
directly in the body of a function, whildi, delays the substitution until the argument is a base value.
We use the same notation as|in [5] to define the following rewsystems obtained by combining the
rules described in Figufé 1 .

—p, = BrUé —pg, = BUEUE,,
—a = AULUE — = AUAULUEUS,,

The rewrite systems for the two languages are then definesllaw$.

| Language] Rewrite system |
Alin —ugi= (=) U (—g,)
Aalg —auB = (—a)U (—>Bn)

3 Completeness of the call-by-value to call-by-name simui@an

The translation in[[5] is a direct extension of the CPS emugdised by Plotkin [10] to show that the
call-by-name lambda calculus simulates call-by-values @éfinition is the following.
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Rules specific ta\ag

Call-by-name £,) Linearity of application &)
(M+N)L — ML+NL
(AXM)N — M[x:=N] (a.M)N — a.(MN)
(OM — 0

Rules specific td\in

Call-by-value B,) Right context rule§),,,)

M — M’

Left linearity of application ;)  Right linearity of application4y)

(M4+NV — MV+NV B(M+N) — BM+BN
(a.MV — a.(MV) B(a.M) — a.(BM)
OV — 0 BO) — 0

Common rules

Ring rules L = AssaJComUF U S)
Associativity AssQ Commutativity Com

M+ (N+L) — (M+N)+L

(MEN)+L — M+ (N+L) M+N = N+M

Factorization ) Simplification §
aM+BM — (a+pB).M a.(M+N) — aM+a.N
iIM — M
aM+M — (a+1).M
oM — O
M+-M — (1+1)
a0 — 0O
CY.(B.M) — ( ) oLM — M

Context rules §)

M — M’ M — M’
(M)N— (M) N M+N— M +N
M — M’ N — N’
aM—a.M M+N—M+N

Figure 1: Rewrite rules fokjin andAayg
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X] = Akkx
[AXM] = Akk(Ax.[M])
[MN] = AKk.[M](Aby.[N](Abz.bybok))
[ = o0
[a.M] = Ak.(a.[M])k
[M+N] = Ak(IM]+[N])k

Notice that the translation preserves the set of free viagatNew variables names likeor k are
chosen to be fresh so as to not collide with free variablebentérm. In fact we reserve the naté&
abstract over continuations. In general we think tif mean the end of the computation, or the equivalent
of areturn statement.

This translation simulates the reductions of a téirby the reductions of the terffM]k, wherek is
free. The soundness of the simulation uses an intermedatislation denoted by : K whereM is a
Aiin term andK is a continuation (aag term). Thiscolontranslation was originally used by Plotkin [10]
to describe intermediate reductions of translated ternigrevinitial administrative redexebad been
eliminated.

Px) = x BN:K = N : Ab.W(B)bK
WAXM) = Ax[M] (MN)L:K = MN: Aby.[L](Abp.byboK)

gii = gW(B) ON:K = 0:K

o _ (a.M)N:K = a.(MN): K

M+N:K = M:K+N:K

Soundness was proved by showing that this translation meseeductions: for any terid, if M
reduces toM’, thenM : K reduces tdM’ : K for all K. Combined with the fact thgM]k reduces initially
to M : k, this gave the soundness of the simulation.
Proposition 1 (Simulation [5]) For any term M, if M—»I*Uﬁ V then[[M]]k—%Uﬁ V k.

We will show that the converse is also true:
Theorem 2(Completeness)If [Mk —7 5V : kthen M—j 5 V.

To prove it, we define an inverse translation and show thaeggrves reductions. First, we need to
characterize the encoded terms. We define a subskjgivhich contains the image of the translation
and is closed by-4 g reductions with the following grammar.

C = KB|BiB,K|TK (base computations)

D = C|0|a.D|D1+D; (computation combinations)
S = AkC (base suspensions)

T = S|0|a.T|T1i+T (suspension combinations)
K = k|AbBbK|Aby.T(Aby.biboK) (continuations)

B 1= x|AxS (CPS-values)

There are four main categories of termmemputationssuspensionsontinuations andCPS-values
We distinguish base computatio@sfrom linear combinations of computatiols as well as base sus-
pensionsSfrom linear combinations of suspensiohis The translatiorfM]) gives a term of the class,
while [M]k andM : K are of clas®D.
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There are some restrictions on the names of the variabldéssigitammar. The variable narkdéhat
appears in the clads must be the same as the one used in suspensions of theAto@n It cannot
appear as a variable name in any other term. This is to agtéethd requirement of freshness that we
mentioned above. The same applies for the varialés andb, of K terms: they cannot appear (free)
in any subterm. In particular, these restrictions ensuatttte grammar is unambiguous. The three kinds
of variables X, k andb) play different roles, which is why we distinguish them wgilifferent names.

Computations are the only terms that contain applicatisnsthey are the only terms that cgn
reduce, hence the name. In fact, notice that the argument@ways base values. This shows a simple
alternative proof for théendifferenceproperty [5] of the CPS translation, namely that the redundtiof a
translated term are exactly the same\ip andAayg.

Proposition 3 (Indifference [5]) For any computations D and’PD — 4 g D’ if and only if D—y g D'
In particular, if M — 5 V then[M]lk — 5 V : k.

We define the inverse translation using the following fourctipns, corresponding to each of the
four main categories in the grammar.

B = K[y(B) o(AkC) C
BiBK = K[W(By)y(By) a(0) = 0
K = Klo(T)] o(a.T) = a.o(T)
0 =0 o(M+T) = o(T)+0(T2)
aD = aD
D1+D2 = Di+D2
KM = M
Yo = x ABBDKIM] = K[y(B)M]
YAxS = Axo(S Ab1.T(Aby.bibpK)[M] = K[Mo(T)]

These functions are well-defined because the grammar ishigaous. To prove the completeness
of the simulation we need a couple of lemmas. The first sthtdgte translation defined above is in fact
an inverse.

Lemma 4. For all M, [M]lk= M.

Proof. We have[M]k = k[o([M]))] = o([M])) so we have to show that([M]) = M for all M. The
proof follows by induction on the structure bf. O

In generalM : k # M. Although it would be true for a classical translation, iedaot hold in the
algebraic case. Specifically, we ha\@M)L : k= a.(ML) : kand(M +N)L: k= ML+ NL: K, so the
translation is not injective. However it is still true forluas.

Lemmab. ForallV,V :k=V.
Proof. By induction on the structure &f. O

Lemma 6 (Substitution) The following are true.
1. Y(By)[x:= @(B)] = Y(Bi[x:=BJ)

2. o(T)[x:=yY(B)] = o(T[x:=B])

3. C[x:= y(B)] =C[x:=B]

4. KM][x:= ¢(B)] = K[x:= B][M[x:= ¢/(B)]]

Q
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Proof. By induction on the structure &1, T, C, andK. O

The next lemma states that we can compose two continugfipaadKs, by replacingk by K7 in Ko.
Lemma 7. For all terms M and continuations fand Ky, K1 [Kz[M]] = Kok := K4][M].

Proof. By induction on the structure d,. O

Lemma 8. For allK andC, K[C] =C[k:=K].
Proof. By induction on the structure &, using Lemmal7 where necessary. O

The following lemma is essential to the preservation of otidas. It shows that reductions of a term
M can always be carried iK[M].

Lemma 9. For any continuation K and term M, if M-, M, then KM] — 5 K[M'].
Proof. By induction on the structure df. O

Lemma 10. The following are true.
o K[M1+Mg] —/ K[M4] +K[Mg]
e Kla.M] - a.K[M]
e K[0] =/ 0

Proof. We prove each statement by inductionknusing Lemmal9 where necessary. O

Lemma 11. f T —, T  theno(T) — a(T').

Proof. By induction on the reduction rule. Sindeterms do not contain applications, the only cases
possible aré. U &, which are common to both languages. O

We now show the core of the completeness theorem, namelyhianverse translation preserves
reductions.

Lemma 12. If D —4 5 D’ thenD —p D

Proof. By induction on the reduction rule, using Lemrhat16.18, 9, IdEhwhere necessary. The cases
are the following.

e Casef3,. There are several subcases.
— Case(Ab.B1bK)B; — g B1B2K. Then
(Ab.B1bK)B, = Ab.BibK[y(B3)]

= K[Y(B1)yY(By)]
= BiBK

- Case()\ bl.S(A bz.blsz))Bl B, S()\ by Blsz). Then

(Ab1.S(Aby.bibK))B: = Aby.S(Aby.biboK)[y(B1)]
= K[y(B1)o(9)]]
= Abz.Blsz[G(S)]
= S(Abp.BibK)
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— Case(AkC)K —p Clk:=K]. Then

(AKkC)K = K[C|

= Clk:=K]
by Lemmd8

— CaseAx.§BK —g Sx:=BJK. Theny(B) is a base term, S\ x.a(S))Y(B) — g 0(S)[x:=
Y (B)], therefore
(AxSBK =  K[(Ax0(S)y(B)]
=g K[o(S[x:= y(B)]]
by Lemmd®
= Klo(Sx:=B])
by Lemmd 6

= Sx:=BK

e CaseA. SinceB andK are base terms, the only term that can match the rul@KisThere are
three subcases.

— CanTl—i-Tz)K —a TIK+ToK. Then(T1 + Tz)K = K[O’(Tl) + O'(Tz)] —>|* K[U(Tl)] +K[U(T2)]
by LemmdID, antk [0 (T1)] +K[o(T2)] = TTIK + T2K.
— Case(a.T)K —5 a.(TK). Then(a.T)K =K[a.o(T)] — a.K[M] by Lemma[10, and
a K[o(T)] =a.(TK).
— Case ® —; 0. ThenOK = K[0] —; 0 by LemmdID, and & 0.
e Casel. Since the rules ih are common to both languages and the inverse transiBtitistributes

linearly over the computations, the proof for these casesaightforward. We give the following
example. ConsideD; + (D2 + D3) —a (D1+ D2) + D3. Then

D1+ (D2+D3) = Di+(D2+Ds)
—1 (D1+D3)+Ds3
= (D1+D2)+D3

e Casef. There are 4 subcases.
— CaseTK —, T’K andT —, T'. Theno(T) — a(T’) by Lemmdl, therefore

A
I

by Lemmd®

= TK
— The other three cases are similar to each other. We give tloeviog example. Consider
D1+ D2 —4 D)} + D2 andD; —4 D}. Then by induction hypothesB; — D/, therefore
Di+D2 = Di+D2
— D{+D
~ D1D;
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O

We can now prove the completeness theorem.

Proof of Theorerhl2By using Lemma 12 for each step of the reduction, we[[i&fk —ip V ik By
]

Lemma4 and Lemnid 5, this implié — ; V.

4 Completeness of the call-by-name to call-by-value simuian

This simulation is similar to the other one, and uses the sagteiques. The adjustments we have to
make are the same as in the classical case, and deal maihlpuvitreatment of variables and applica-
tions. The CPS translation, as defined_in [5], is the follayyvin

Ky = x
{AxM[} = Akk(Ax{M][})
{IMN[} = Ak{IM[}(Abb{|N[}k)
fop =0
{laM}} = Ak(a.{M[}k

{IM+N[} = Ak({M[}+{N[})k

The soundness of the simulation uses a similar colon tramsla

P(AxM) = Ax{M[} AXM)N:K = ®dAxXM){|N}K
AXM:K = K®AxM) xN: K = X: (Ab.b{IN[}K)
x:K = xK (MN)L: K = MN:Abb{L}K
0:K = 0 (ON:K = 0:K
aM:K = a.(M:K) (a.M)N:K = a.(MN):K
M+N:K = M:K+N:K (M+N)L:K = ML+NL:K
Proposition 13(Simulation [5]) For any term M, if M—7 ;V then[[M]]k—>|*UB V k.

We will use the same procedure as in the previous sectiorote #tat the translation is also complete.
Theorem 14(Completeness)If {{M[}k —/ .V :kthen M—% .V

1UB aJpg "

Here is the grammar of the target language. It is closed unggg reductions.
C == KB|BSK|TK (base computations)
D = C|0|a.D|D;1+D2 (computation combinations)
S = x|AkC (base suspensions)
T == S|0|a.T|T1+T, (suspension combinations)
K = k|AbbSK (continuations)
B := AxS (CPS-values)

Notice howx is now considered a suspension, not a CPS-value. This isibexds replaced by a
suspension after beta-reducing a term of the foAR.S)SK. This is the main difference between the
call-by-name and call-by-value CPS simulations. Othen tteat, it satisfies the same properties. In
particular, we have the same indifference property.
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Proposition 15(Indifference [5]) For any computations D and’DD — g D' if and only if C— g C'.

In particular, if M —7 ; V then{[M[tk —7 s V : k.

We define the inverse translation using the following fourdtions.

KB = K[p(B) ox) = x
BSK = K[p(B)o(S] o(AkC) = C
TK = K[a(T)] o0 = 0
0 =0 o(a.T) = a.o(T)
aD = aD O'(T1—|—T2) = O'(T]_)—I-O'(Tz)
D;+D; = D:i1+D;
KM] = M
P(AXS) = Ax0o(S AbbSKM] = K[Ma(9)]

To prove the completeness of the simulation we need anatolgoumas. Their proofs are similar,
but we need to account for the changes mentioned above.

Lemma 16. {{M|}k=M

Proof. We have{|M [}k = k[o({iM|})] = a({|M]|}) so we have to show that({|M|}) = M for all M. The
proof follows by induction on the structure bf. O

Lemmal7.V :k=V
Proof. By induction on the structure &f. O

Lemma 18 (Substitution) The following are true.

1. ¢(B)[x:=0(§)] = @(B[x:= 9

2. 0(Tx:=0(5]=0(T[x:=9)

3. C[x:=0a(9§]=C[x:=9

4. KIM][x:=0(9)] =K[x:=§[M[x:= a(9)]]
Proof. By induction on the structure @&, T, C andK. O
Lemma 19. K [Kx[M]] = Kz [k := K1][M].

Proof. By induction on the structure d,. O

Lemma 20. K[C] =Clk :=K].
Proof. By induction on the structure &, using Lemma_19 where necessary. O
Lemma 21. For any continuation K and term M, if M-, g M’ then KM] — g K[M'].

Proof. By induction on the structure d¢f. O

Lemma 22. The following are true.
o K[M1+My] —7; K[M1] +K[M]
o Kla.M] —3 a.K[M]
* K[0] =30
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Proof. We prove each statement by inductionknusing Lemma 21 where necessary. O
Lemma 23. If T — T’ thena(T) —4 a(T').

Proof. By induction on the reduction rule. Sindeterms do not contain applications, the only cases
possible aré.U &, which are common to both languages. O

Lemma 24. If D —y,3 D" thenD — ; D'.

Proof. By induction on the reduction rule, using Lemrhas[18[20[ 2llar2d 28 where necessary. Notice
that the rule<),,, andA, are not applicable since arguments in the target languagahsays base terms.
e Casef,. There are several subcases.

— Case(Ab.bSK)B — g BSK Then
(Ab.bSK)B = Ab.bSK[¢p(B)]

— Case(AkC)K —g Clk:=K]. Then
(AkC)K = K|[C]
= Clk:=K]
by Lemmd_20

— Case(Ax.§$K —g, Sx:= $JK. Then(Ax.0(9))0(S) —a d(9[x:= 0(S)], and

MxSSK = K[Ax0(9)0(S)]
=1 K[o(9[x:=0(S)]]

by Lemmd 2]l

~ K[o(SKi=S))

by Lemmd 18

= Sx:=)K

e CaseA. SinceB andK are base terms, the only term that can match the rul€KisThere are
three subcases.
— CanTl—i-Tz)K — ThHK+ToK. Then(T1 + Tz)K = K[G(Tl) + O'(Tz)] HZK[G(T]_)] +K[O’(T2)]
by Lemmd2R, antk [0 (T1)] +K[o(T2)] = TTIK + T2K.
— Case(a.T)K — a.(TK). Then(a.T)K = KJa.o(T)] —4 a.K[M] by Lemmal2R, and
a K[o(T)]|=a.(TK).
— Case & — 0. ThenOK = K|[0] —% 0 by Lemmd2R, and & 0.
e Casel. Since the rules ih are common to both languages and the inverse transiBtitistributes
linearly over the computations, the proof for these casesaightforward. We give the following
example. ConsideD; + (D2+ D3) — (D1+ D2) + Ds. Then

D1+ (D2+D3) = Di+(D2+D3)
—a (D1+D3z)+D3
= (D1+D2)+Ds3
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e Casef. There are 4 subcases.

— CaseTK — T'K andT — T'. Thena (T) —4 o(T’) by Lemmd 2B, therefore

X
I

K[o(T)]
—a K[o(T')]

by Lemmd 21
= TK

— The other three cases are similar to each other. We give tloeviog example. Consider
D1+ D2 — D} + Dz andD; — D}. Then by induction hypothesi3; —, D}, therefore

D;+D, = D:1+D;
—a D_l/‘i‘D_Z
= Dj+D>

We can now prove the completeness theorem.

Proof of Theoreri 14By using Lemma 24 for each step of the reduction, we{gdttk —7 ; V 1 k. By
Lemma 16 and Lemnia 7, this implids— ; V. O

5 Discussion and conclusion

We showed the completeness of two CPS translations simglatgebraic lambda calculi introduced in
[5]. We did so by adapting techniques usedLinl [11] to definengarse translation and showing that it
preserves reductions.

Our treatment differs from Sabry and Wadler's, which onlysiders the call-by-value to call-by-
name simulation. They decompile continuations into abstrmas. For example, they defindd.BbkM]
aslet b= M in @(B)b. This required the modification of the source language amtbl¢he consideration
of the computational lambda calculus as a source languageawdid this by directly substituting and
eliminating variables introduced by the forward transhatiwhich allows us to obtain an exact inverse.

Originally, the work in [5] also considers another versidmg, andA,g with algebraic equalities
instead ofalgebraic reductions For example, we could go back and forth betwéén- N — N andM,
which is not permitted by the rules we presented above. A@ielequalities can be formulated as the
symmetric closure of the algebraic reductions and—. The resulting four systemd;, Ayq, Ajin,
and A, have all been shown to simulate each other. The results ©ptyper can be extended to these

alg
systems as well.
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A Proof details

A.1 Lemmald

Proof. By induction onM.

e Casex. Thend([[X]) = a(Ak.kx) = kx= K[(X)] = ¢(X) = x.

e CaseAx.M. Then

e CaseMN. Then

e Case 0. Thew([[0])

e Casea .M. Then

o([Ax-M])

o([MN]) =

o(0)=0

o ([la-M])

o(Akk(Ax.[M]))
k(Ax.[M]))
Ky (Ax.[M])]

Y(Ax[M])
Ax.a([M])

AXM
by induction hypothesis.

o (Ak.[M](Aby.[N]}(Aby.b1bok)))

[M](Aby. [N] (A bz.bybok))
Aby. [N](Abz.byboK) [o([M]))]

Klo([M)o([N])]
o([MI)o(INI)

MN

by induction hypothesis

by induction hypothesis
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e CaseM +N. Then

o([M+N]) = oAk ([M]+[N])k)

by induction hypothesis

]
A2 Lemmals
Proof. By induction onV.
e Case0. The@:k=0=0.
e CaseB. ThenB: k=kW(B) = o(AkkW(B)) = g([B]) = B by Lemmé#.
e Casea.V. ThenaV:k=a.(V:k)=a.V:k=aV by induction hypothesis.
e CaseJ +V. ThenU +V :k=U :k+V :k=U :k+V :k=U +V by induction hypothesis.
]

A.3 Lemmal@

Proof. By induction onBy, T, C, andK.
1. Cases foB;.

e Casex. Theny(x)[x:= @(B)] =x[x:= ¢(B)] = ¢(B)

e Casey #x. Theny(y)[x:= @(B)
e CaseAy.S Then

WA x:=w(B)] = (Ay.o(S)x:=y(B)]
= Ay.o(Sx:=B]J)
by induction hypothesis
= Y(AyS)x:=B))

2. Cases forl .
e CaseAk.C. Then

o(AkC)[x:=y(B)] = Clx:=y(B)]
= Cx:=B]
by induction hypothesis

= 0o((AkC)[x:=BJ)
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e Case 0. Thew (0)[x:= (B)] = 0= o(0[x:= B]).
e Casea.T. Then

o(a.T)x:=¢(B)] = (a.0(T))x:=y(B)]
= a.0(T[x:=8B)])
by induction hypothesis
= o((a.T)[x:=8B])

e Casel; + To. Then

o(Ti+T)x:=y®B)] = (0(T)+0(T2))[x:=Y(B)]
= 0o(Tix:=BJ])+ o(Tz[x:=B))
by induction hypothesis
= o((Tu+To)x:=B))

3. Cases fo€.
e CaseKB;. Then

KBix:=¢(B)] = K[Y(By)][x:=y(B)]
= Kx:=Bj[y(By)x:= y(B)]]
by induction hypothesis
= Klx:=BJ[¢/(Bi[x:=B])]
by induction hypothesis
= (KBy)[x:=B]

e CaseB;B,K. Then

BiBK[x:=¢(B)] = K[Y(B)yY(B)][x:=(B)]
= Kx:=BJ[(¢(B1)¢(B2))[x:= Y(B)]]
by induction hypothesis
= K[x:=Bj[y(Bi[x:= B])(Bz[x:=BJ)]
by induction hypothesis
= (B1BK)[x:=B]

e CaseTK. Then

TKx:=y(B)] = Klo(T)]x:=y(B)]
= Klx:=BJ[o(T)[x:=y(B)]
by induction hypothesis
= K[x:=BJ[o(T[x:=B])]
by induction hypothesis
= (TK)x:=8]
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4. Cases foK.

e Casek. Thenk|M|[x:= @¢(B)] = M[x:= ¢(B)] = k[x:= B|[M[x:= ¢(B)]].
e CaseAb.B;bK. Then

AbBIbKM][x:= y(B)] = K[(By)M]x:= y(B)]
= Kx:=BJ[(¢(ByM)[x:= ¢(B)]]
by induction hypothesis
= K[x:=Bj[y(Bi[x:=B))M[x:= ¢(B)]]
by induction hypothesis
= (Ab.BibK)[x:= B|[M[x:= @(B)]]

o CaseA bl.T()\ bg.blsz). Then

Aby.T(Aby.bybK)[M][x:= @(B)] = K[Mo(T)][x:= y(B)]
= K[x:=B]|[(Ma(T))[x:= g(B)]
by induction hypothesis
= K[x:=B][M[x:= @(B)]o(T[x:= B])]
by induction hypothesis
= (Aby.T(Aby.b1hoK))[x:= B|[M[x:= (B)]]

A.4 Lemmald

Proof. By induction onKj.
e Casek. ThenK;[kIM]] = K1[M] = k[k := K1][M].
e CaseAh.BbK. Then

Ki[AbBbKM]] = Ki[K[y(B)M]|
= Klk:=Kq][y(B)M]
by induction hypothesis
= (Ab.BbK)[k:=K;3][M]

o CaseA bl.T()\ bg.blsz). Then

Ki[Aby T(Abp.byK)[M]] = Ka[K[Mao(T)]]
= K[ki=Ky[Ma(T)]
by induction hypothesis
= ()\blT()\bzblsz))[k: Kl][M]
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A5 Lemmal8

Proof. By induction onC.
e CaseKyB. Then

e CaseBB,K,. Then

e CaseTKs,. Then

A.6 LemmalQ

Proof. By induction onK.
e Casek. Thenk|M| =M —10B M’ = k[M].

K[Ka[w(B)]]

= Ko[k:=K][y(B)]

by LemmdYy
(K2B)[k:=K]

K[Kz[@(B1)y(B2)]]

= Kolk:=K][@(B1)Y(B2)]

by LemmdY

(BleKz) [k = K]

K[Ka[a(T)]]
Ka[k :=K][o(T)]
by Lemmd¥

(TKy)[k:=K]

e CaseAb.BbK. Theny(B)M — g ¢/(B)M’ sincey(B) is a base term, and

(Ab.BbK)[M]

Klg(BM]

—1up K[Y(B)M]

by induction hypothesis
Ab.BbK[M]

e CaseA bl.T()\ bg.blsz). ThenMa(T) —1uB M/O'(T), and

Aby.T (Abp.byboK ) [M]

= K[Ma(T)]
—ug KM'o(T)]

by induction hypothesis
= Abp.T(Aby.byboK)[M']

17
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A7 Lemmall0

Proof. By induction onK. We prove only the first statement, as the others are similar.
e Casek. Thenk|M; + My] = M3 + My = k[M3] + k[M3].
e CaseAb.BbK. Then

ADBOKIM1+M] = K[Y(B)(M1+My)]
=1 K[@(B)M1+y(B)M;]
by Lemmd®
= K[@(B)M4] +K[y(B)M,]
by induction hypothesis
= Ab.BbK[M;] + Ab.BbK[M,]

e CaseA bls()\ bz.blsz). Then

)\bls()\ bz.blsz)[M1+M2] = ﬁ[(Ml—l—Mz)G(S)]
=1 K[M10(S) + ¢(B)M20(9)]
by Lemmd 9
— K[M10(9)]+K[M20(S)]
by induction hypothesis
= )\bl.S(A bz.blsz)[M]_] —i—)\bl.S(A bz.blsz)[Mz]

A.8 Lemmalll

Proof. By induction on the reduction rule.

e Casel.. Using linearity ofa. We give the following example.

oM+ (Ta+Tg) = 0o(T)+(0(Tz)+0(T3))
=1 (0(T1) +0(T2)) + 0(T3)
= 0((Ta+T2)+Ta)

e Caseé. Using linearity and the induction hypothesis. We give thikofving example. Consider
the casél + T, —4 T{ + T2 with Ty —5 T{. Then

G(Tl + Tz) = O'(T]_) + U(Tz)
— o(T)+0(Tp)
by induction hypothesis
= O'(T]f + T2)
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A.9 Lemmallé

Proof. By induction onM.
e Casex. Theno({|x|}) = ag(x) = x.

e CaseAx.M. Then
o({|AxM[})

e CaseMN. Then
o({{IMN[})

e Case 0. Thew({|0]}) =0(0)=0
e Casea.M. Then

o({la-M})

e CaseM + N. Then
o({IM+NI[})

o(Akk(AxAM}))
k(Ax{IM[})
Kl@(Ax{IM[})]

PAXAMI})
Axo({{M[})

AX.M
by induction hypothesis.

g (AKA{IM[}(Ab.b{|N[}k))
{IM[}(Ab.b{|N[}k)
(ADD{IN[}K) [a({M[})]
Klo({IM[})a({IN})]
a({M[})a({IN[})

MN

by induction hypothesis

o(Ak.(a {|M[})k)
(a{IM[})k
Klo(a {M[})]
o(a{M[})
a.o({M[})

a.M

by induction hypothesis

o(Ak-({IM[} +{IN[})k)
({IM[} +{IN[D)k
Klo({M[} +{IN[})]
o({IM[} +{IN[})
o({IM[}) + o ({IN[})
M+N

by induction hypothesis

19
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O

A.10 Lemmall?

Proof. By induction onV.
e Case 0. The®:k=0=0.
e Casex. Thenx: k= xk=K[x = x.

e CaseAx.M. ThenAx.M : k=KP(AxM) = g(AkkP(AxM)) = o ({|]AxM[}) = Ax.M by Lemma
[18.

e Casea.V. ThenaV :k=a.(V:k)=a.V:k=aV by induction hypothesis.
e CasdJ +V.ThenU +V :k=U :k+V :k=U :k+V :k=U +V by induction hypothesis.
]

A1l Lemmall3
Proof. By induction onB, T, C, andK.
1. Cases foB.
e CaseAy.S Then
P(AxS)x:=0(9] = (Ay.o(S))x:=0(9)

= Ayo(Six=S5)
by induction hypothesis

P((AyS)[x:=9)

2. Cases forl .

Casex. Theno(x)[x:= 0 (9] =x[x:=0(9]=0(9 =
Casey # x. Thena(y)[x:= o (9)] =y[x:= a(9)]
CaseAk.C. Then

o(AkC)[x:=0(9] = Clx:=0(9)]
Ckx:=9
by induction hypothesis
= o((AkC)[x:=9)

Case 0. Thew (0)[x:= 0(§)]=0=0(0]x:=9).
Casea.T. Then

o(a.T)x:=0(9] = (a.o(T))x:=0(9)]
= 0a.0(Tx:=9)
by induction hypothesis

— o((@T)x:==9)
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e Casel;+To. Then
o(M+T)x:=0(9] = (0(T)+0(T2))[x:= (]
= o(Mx:=9)+0(Nx:=9)
by induction hypothesis
= o(M+T)x:=9)
3. Cases foC.
e CaseKB. Then
Bix:=0(5)] = K[pB)][x:=0(9)]
= Kx:=S8[¢p(B)[x:=0(9)]]
by induction hypothesis
= Kx:=9[o(B[x:=9)]
by induction hypothesis
= (KB)[x:=9
e CaseBSK. Then
BSKx:=0(5)] = K[Y(B)o(S)]x:=0(9)]
= Kkx:=S[(¢(B)o(S))x:= (9]
by induction hypothesis

— K= S[W(BK:=S)o(Sx=9)]

by induction hypothesis
= (BSK)[x:=§
e CaseTK. Then
Kx:=a(§] = Klo(T)][x:=0(9)]
= Kx:=§[o(T)x:= ()]
by induction hypothesis

= Kx:=8[o(T[x:=9)]
by induction hypothesis
= TKKx=5

4. Cases foK.
e Casek. Thenk[M][x:= 0(9)] =M[x:= d(9)] =k[x:=F[M[x:= a(9)]].
e CaseAb.bSK. Then
AbbSKM][x:=0(§] = K[Mo(S)][x:=0a(9)]
= Kx:=9[(Mo())x:=a(9)]]
by induction hypothesis
= K[x:=§M[x:= 0(S)]0(S[x:= )]
by induction hypothesis
= (AbbSK)[x:=9g[M[x:= 0 (9)]]
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]
A12 Lemmall9
Proof. By induction onKs.
e Casek. ThenK;[kIM]] = K3[M] = k[k := K1][M].
e CaseAb.bSbK Then
Ki[AbbSKM]] = Ki[K[Ma(S)]]
= Klk:=K;1][Mo(S)]
by induction hypothesis
= (Ab.bSK)[k :=K;3][M]
]

A.13 Lemmal20
Proof. By induction onC.
e CaseK,B. Then

|<

[KzB] = K[Kz[¢(B)]]
= Kolk:=K][o(B)]
by Lemmd 19

= (KzB)[k:=K]

e CaseBSK. Then

=
o9)
wn
>

| = K[K[o(B)a(9)]]
= Kok:=K][@(B)a(9)]
by Lemmd 19

~ BSKk)K=K]

e CaseTKs,. Then

K[TK] = K[Kz[o(T)]]
— Kelk:=K][o(T)
by Lemmd 19

= (TKp)k:=K]
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A.14 LemmalZl
Proof. By induction onK.
e Casek. ThenkM] =M —4 g M" = K[M'].
o CaseAb.bSK ThenMa(S) —, 5 M'a(S), and
(AbbSKM] = K[Ma(S)]
—ap KM'0(S)]
by induction hypothesis
= AbbSKM]

A.15 Lemmal22

Proof. By induction onK. We prove only the first statement, as the others are similar.
o Casek. Thenl_<[M1 + Mz] =M1+My= |_<[M1] +|_<[|V|2].
e CaseAb.bSK Then
AbbSKM; +Mz] = K[(M1+Mz)a(S)]
—a K[M10(S)+ ¢(B)M20(S)]
by Lemmd9
—a KM10(§)]+K[M20(9)]
by induction hypothesis
= Ab.bSKM;]+ Ab.bSKM;]

A.16 Lemmal23

Proof. By induction on the reduction rule.
e Casel.. Using linearity ofa. We give the following example.

0(M+(Ta+Te) = o(T)+(o(Ty)+0(Ts))
—a (0(T)+0(Tp)+0(Ts)
= 0(Ti+T2)+Ts)

e Caseé. Using linearity and the induction hypothesis. We give thikofving example. Consider
the casél + T, — T; + To with Ty — T/. Then
O'(T1+T2) = G(Tl) + O'(Tz)
by induction hypothesis
= 0(T{+Tp)
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